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ABSTRACT

Since the beginning of the COVID-19 spreading, the number of studies on the epidemic models
increased dramatically. It is important for policy makers to know how the disease will spread, and
what are the effects of the policies and environment on the spreading. In this paper, we propose
two extensions to the standard infectious disease models: (a) We consider the prevention measures
adopted based on the current severity of the infection, those measures are adaptive and change over
time. (b) Multiple cities and regions are considered, with population movements between those
cities/regions, while taking into account that each region may have different prevention measures.
While the adaptive measures and mobility of the population were often observed during the pandemic,
these effects are rarely explicitly modeled and studied in the classical epidemic models. The model we
propose gives rise to a plateau phenomenon: the number of people infected by the disease stay at the
same level during an extended period of time. We show what are conditions needs to be met in order
for the spreading to exhibit a plateau period, and we show that this phenomenon is interdependent:
when considering multiples cities, the conditions are different from a single city. We verify from
the real-world data that plateau phenomenon does exists in many regions of the world in the current
COVID-19 development. Finally, we provide theoretical analysis on the plateau phenomenon for the
single-city model, and derive a series of results on the emergence and ending of the plateau, and on
the height and length of the plateau. Our theoretical results match well with our empirical findings.

Keywords COVID-19, Infectious disease model, human mobility, plateau phenomenon

1 Introduction

Since December 2019, a virus named SARS-CoV-2 has been affecting the world. As of October 11, 2020, the virus
had infected 11,195,010 people, including the UK Prime Minister Boris Johnson and the US President Donald Trump.
Although the epidemic in some countries has been brought under control, the epidemic in most part of the world is still
ongoing. Nowadays (October, 2020), the number of new cases is still more than 100,000 every day.

The number of studies based on the epidemic analysis has considerably grown since the start of the COVID-19 epidemic.
Scholars from different fields usually have been using the infectious disease models to analyze the evolution of the
disease and model its future evolution. In a widely used SIR model [1], we distinguish every individual in three
different state susceptible (S), infected (I) and recovered (R), hence the name. The susceptible portion of the population
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comprises the people who can be infected by the disease, the infected part is the part of the population who is infected
and can transmit the disease, while the recovered part is the one who has been out of the spread process.

SIR and related models are well studied in the literature. However, during the COVID-19 pandemic, many regions
gradually adopt adaptive prevention strategies to try to balance between epidemic prevention and economic growth, and
different regions often employ different prevention strategies. This may bring new phenomenon that does not exist in
the standard epidemic models.

In this paper, we propose two extensions to the standard infectious disease models: (a) we consider adaptive changes
in prevention strategies based on the current infection severity; and (b) we consider multiple regions with population
mobility while each region may employ different prevention strategies. For simplicity, we refer each region as a city
henceforth. We first conduct simulation studies on the proposed model using parameters learned from the real-world
data, and observe that in many situations the epidemic development has a period where the number of existing infected
people stays at the same level, for which we call it a plateau period. We discover that in the single-city model, the
plateau may only occur under certain conditions, and their heights and length may differ. For example, the height of
a plateau seems to be positively correlated with the prevention threshold used to trigger the changes in prevention
intensity, but not affected by other prevention measures. In the multi-city model, we discover that the plateau always
co-occur among all cities, even when some city’s prevention strategy would not generate a plateau in the single city
model. We next verify from the real-world data that plateau phenomenon does exists in many regions of the world in
the current COVID-19 development, indicating that this is an important phenomenon to study. Finally, we provide
theoretical analysis on the plateau phenomenon on the single-city model, and derive a series of results on the emergence
and ending of the plateau, and on the height and length of the plateau in the single-city model. Our theoretical results
match well with our empirical findings.

To summarize, the key contributions of this paper are as follows:

• we extend the SIR model to incorporate adaptive prevention strategies and population mobility among different
regions that also employ different prevention strategies.

• We empirically verify through simulations and real-world data that an important plateau phenomenon exists,
and summarize some interesting properties on its appearance and characteristics in the single-city model and
relationships among plateaus in the multi-city model.

• We conduct theoretical analysis on the properties of the plateau and our theoretical results match well with the
empirical findings.

2 Related Works

Most of the existing epidemiological studies based on COVID-19 can be divided into the following four categories.

Research on the epidemiological characteristics of COVID-19. Although most of the attributes of SARS-CoV-2
cannot be obtained by epidemic analysis, the epidemiological characteristics of COVID-19 can be estimated. Most
of the works [2, 3, 4, 5, 6] focus on the study of the basic reproduction number R0 of COVID-19, which can reflect
the propagation ability of SARS-CoV-2. Other works [7, 8, 9, 10] analyzed the characteristics of COVID-19 such as
generation interval (cases doubling time).

Prediction of the virus trend. By combining real data with the model, these works aims to predict the development
of COVID-19. Since the beginning of the COVID-19 outbreak, it has been a hot topic. The most common method to
predict the number of futures infections relies on real-time data [11, 12, 13, 14, 6]. Due to the global characteristics of
the epidemic, many focused on combining population mobility data with the spreading model [15, 2, 5, 16, 17].

Improvement of the epidemic model. Apart from the population mobility, there are additional aspects that were studied
to enhance the quality of the prediction. The SEAIRD model allows for further division of the population [18, 19, 20].
Environmental parameters were also added to the models [21, 22], and machine learning algorithms were used [23, 24].

Exploration of the effects of prevention measures. Some countries try their best to prevent COVID-19, while others
wait for mass immunity. The significance of prevention has become the subject of many studies [25, 16, 26, 27]. Based
on the development of the epidemic situation before and after prevention, the role of prevention was analyzed. Almost
all the results affirmed the role of prevention, and pointed out that the epidemic would worsen more seriously without
prevention.

These works have studied various aspects of on COVID-19 pandemic, but none of them looked into the effect of
adaptive changes of prevention measures over time on the epidemic development, and none of them study the plateau
phenomenon that appears in practice. This is the subject of our study that differentiates ours from existing studies.
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3 Epidemic Model with Prevention Strategy

Traditional epidemic models such as the SIR model [1] do not model behavioral changes in the population that could
change the virus propagation dynamics. However, as we have seen with the COVID-19 epidemic, people change their
behaviors due to the epidemic either voluntarily or by government restrictions, such as wearing masks, reduce traveling
and gathering when the epidemic is getting severe, until the epidemic situation is getting better. Moreover, different
geographic regions could impose different prevention strategies, and it is further complicated by the cross-regional
population movement.

In this paper, we incorporate the constantly changing prevention measures as well as the population mobility between
regions into the SIR model. For the COVID-19 with latent period, we do not choose the SEIR model, because using the
SIR model in the process of studying the prevention strategy can simplify the analysis process, and is no different from
the SEIR model. For simplicity, we refer regions as cities, but in reality they could represent either cities or provinces,
states, counties, or communities.

3.1 SIR-based Single-city Model

Our single-city model is based on the SIR model [1], in which each individual goes through the states of being
susceptible (S), infected (I), and recovered or removed (R). The standard SIR model is governed by two parameters —
infection rate β and recovery rate γ. To incorporate the prevention strategies and its dynamic changes into the model,
we further add a prevention parameter r into the model. Thus, in our model β is interpreted as the probability that
when a susceptible individual interacts with an already infected individual in a time unit, the susceptible individual gets
infected from the latter, and γ is the probability that an infected individual recovers from the disease in a time unit, while
r is the number of individuals one infected individual would interact with in one time unit. It is important to remark that
in our model, β and γ are the intrinsic properties of the virus, and it is not affected by the prevention measures, while r
is affected by the prevention measures — r will be smaller if the city imposes higher level of prevention measures and
people exercise social distancing, and r is larger if the city relaxes its prevention measures. The combined rβ would
correspond to the β parameter in the standard SIR model. Then, the differential equations of the single-city model are
as follows:

dS

dt
= −rβIS

N
, (1)

dI

dt
=
rβIS

N
− γI, (2)

dR

dt
= γI, (3)

where S is the susceptible population, I is the infected population, R is the recovered population, N is the total
population of the city, and t is the time. Note that S, I,R are considered variables that change over time, while N
remains the same over time. Equation (1) can be interpreted as the change of S in a time unit dt due to the fact that
each infected individual meets r individuals, among them a fraction of S/N are susceptibles, and thus β fraction of
them will be infected and change from S state to I state, and since we have I infected individuals, the total decrease on
S is rβIS

N . Equation (3) is simply because there are currently I infected individuals and γ fraction of them would be
recovered in each time unit dt, and Equation (2) is the combined effect of the other two equations.

3.2 Multi-city Model

We extend the single-city model to multiple cities where different cities may impose different levels of prevention
measures and there are population movement between the cities. In the multi-city model, there are m cities. For each
city i, we use subscript i in Si, Ii, Ri, Ni and ri to represent the SIR variables and parameters. Note that β and γ are
the same across cities since they model the intrinsic characteristics of the virus, while the prevention parameter ri’s are
different across different cities, modeling different prevention measures taken among the cities.

3.2.1 Population balancing with the external environment

In the real world, the population base of a city is usually stable over time. Thus, we would like our model to maintain
the population for city i, Ni, the same over time, which also simplifies our model analysis. However, with different
population mobility between cities, it is not trivial to maintain population balance in the multi-city model. To achieve
this, we introduce the external environment as the background that could counter balance the excess or deficit of
population of each city due to the population movement. The external environment could be viewed as other cities that
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(a) (b) (c)

Figure 1: Take city A, city B and city C as examples to demonstrate the rules of population mobility. The number next to the circle
is the total floating population of the city, and the number on the side is the floating population between the two cities, in units of
thousand people.

we would not model explicitly or the rural areas surrounding the cities. The technical model and mobile population
calculation is explained below.

Suppose that each city i has a floating population fi, which is a fraction of the total population who will move in or
out of the city in a time unit. Let fi,j be the population moving from city i and city j in a time unit, and fi,0 be the
population moving between the city i to the external environment in a time unit. Thus, we have fi =

∑m
j=0,j 6=i fi,j .

We use the following rules to govern the inter-city population movement: (1) between two cities, the two directional
movement population is balanced, i.e. fi,j = fj,i; and (2) the population movements from one city i to two different
cities j and j′ are proportional to the two destination cities’ floating populations, i.e. fi,j/fi,j′ = fj/fj′ . To realize the
actual values of the population movement, we use the following simple procedure: We first sort the floating population
fi from the smallest to the largest, and determine the population movement of each city in this order (without loss
of generality, assuming f1 ≤ f2 ≤ · · · ). For the city 1 with the smallest floating population, we first allocate a fixed
fraction (e.g. 20%) of the floating population as the exchange population with the external environment to ensure that
every city has population exchange with the environment, and the remaining floating population is allocated to f1,j
proportional to the city j’s floating population fj , according to rule (2) above. Then for each remaining city i in the
order, we first apply rule (1) above to fix the fi,j = fj,i for all j < i, and then apply rule (2) on the remaining cities
j′ > i to get fi,j′ proportional to fj′ , and finally for the left over population fi −

∑m
j=0,j 6=i fi,j , we assign it to the

exchange population with the environment fi,0.

Figure 1 shows a concrete example of the procedure. (a) The floating population of city A, city B and city C is 30, 20
and 10 thousand respectively. First of all, the floating population between city C and other cities is calculated, with 20%
floating population (i.e. 2,000) exchanges with the environment, and the remaining 80%, or 8,000 is allocated among
moving populations to city A and city B. Based on the population proportion, movement to city B accounts for 40%,
which is 3,200, and movement to city A is 4,800. (b) Then we calculate the city B with the second smallest floating
population. The floating population between city B and city C is 3,200, and the ratio of floating population between city
C and city A is 1: 3. Therefore, the proportion of floating population between city B and city C and between city B and
city A is also 1:3. The floating population between city B and city A is 9,600, and the remaining 7,200 are between city
B and the external environment. (c) Similarly, the remaining 15,600 floating population in city A will be used as the
floating population with the external environment.

With the above rules of population mobility, the population base of each city remains unchanged, and the cities with
more floating population account for a larger proportion of the floating population in other cities.

3.2.2 Multi-city SIR model base on population mobility

We now combine the single-city SIR model with the mobility rules defined in the previous section. With the rules
of population mobility and the external environment, we can ensure the dynamic balance of population mobility in
multiple cities in the model. By adding the part of floating population to the single-city model, we get the multi-city
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model with the following equations:

dSi
dt

= −riβIiSi
Ni

+

m∑
j=0,j 6=i

fi,j(
Sj
Nj
− Si
Ni

), (4)

dIi
dt

=
riβIiSi
Ni

− γIi +
m∑

j=0,j 6=i

fi,j(
Ij
Nj
− Ii
Ni

), (5)

dRi
dt

= γIi +

m∑
j=0,j 6=i

fi,j(
Rj
Nj
− Ri
Ni

), (6)

where m for the total number of cities, 0 represents the external environment, and 1 ∼ m represent the cities. The
explanation of the above equations should be straightforward. For example, for Eq. (4), besides the virus infection
within the city given by the term riβIiSi

Ni
same as in Eq.(1), we also account for movements between the cities: for

every j 6= i, fi,jSi/Ni is the number of susceptible individuals moving out of city i to city j, assuming that the mobile
population has the same fraction of susceptible individuals as the general city population; and fi,jSj/Nj is the number
of susceptible individuals moving into city i from city j. The other equations have the similar explanation.

From the model, in particular Eq. (5), we can see that if city j has a higher portion of infected people than city i, i.e.,
Ij/Nj > Ii/Ni, then city j contributes the inflow of infected to city i, and vice versa. This matches the intuition of
virus propagates from highly infected cities to lowly infected cities.

3.3 Prevention Strategy

During the epidemic, different cities or regions may have different strategies and measures to deal with infectious
diseases. For example, during the COVID-19 outbreak, some regions impose mandatory mask wearings while some
do not, many enforce social distancing, but at different scales, such as limited the size of gathering of no more than
50 or 100 people, closing schools, or restricting travels to and from high risk regions. All these restrictions can be
reflected into two parameter changes within our model. First is the prevention parameter ri for each city i. Different
social distancing measures essentially all reduce the number of people any individual would meet in a time unit, which
is modeled by ri. Thus we use ri to model the prevention measures, with lower ri meaning high level of prevention
measures and high ri meaning low level of prevention measures. Another parameter affected by the prevention measure
is the fraction of the floating population fi/Ni of each city i, denoted as pi — a higher prevention level decreases the
fraction of the floating population while a lower prevention level increases the fraction of the floating population.

Most cities or regions also dynamically adapt their prevention measures based on the current infection data — when the
new infection cases rise the prevention measures intensifies, and when the number of new cases drops, the prevention
measures is relaxed. We model this scenario by setting an prevention threshold and dynamically change the prevention
parameter ri and the fraction of the floating population pi based on whether the current infection cases is below or
above the prevention threshold. Technically, we have three main factors for deciding and changing the prevention
measures: (1) Prevention threshold θ, which sets a limit on the number of new infections within a time period. New
infections only include new cases caused by intra-city infections, excluding imported cases brought outside the city.
When the new number of infected people each day for 14 consecutive days is lower than the prevention threshold, it
shows that the epidemic situation is getting under control, and the prevention intensity begin to decline (r increases).
When the number of new infected people in any given day is higher than the prevention threshold, it shows that the
epidemic may worsen again, and prevention intensity begin to rise (r decreases). (2) The range of changing prevention
intensity [rL, rH ] and [pL, pH ], which gives the range of changes of each prevention parameter ri and the fraction
of floating population parameter pi. When the prevention measure intensifies, the values are changed to rL and pL
respectively, and when the prevention measure relaxes, the values are changed to rH and pH . (3) The speed of the
change in prevention intensity, as measured by the number of days k to complete the change. In the real world, the
change of prevention measures never happens instantaneously and it takes some time. So we use k to model the number
of days needed to change rL to rH and pL to pH , or in the reverse order. We use the geometric sequence to implement
such change sequences, as given below:

rt+1 = rt · (
rH
rL

)
(−1)s

k ,

pt+1 = pt · (
pH
pL

)
(−1)s

k ,

where t represents days and s represents the direction of change in prevention. When s = 0, it means that the prevention
intensity is reduced. When s = 1, it means that prevention intensity is strengthened. The prevention intensity r and the
proportion of floating population p are always within the range of the prevention strategy.
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Table 1: Indicators of prevention strategy.

θ r-range p-range k

PS1 − r p −
PS2 θ [rL, rH ] [pL, pH ] k

∗ θ indicates the prevention threshold, r-range indicates the range of changing prevention intensity, p-range indicates the
range of changing proportion of floating population, k indicates the speed of the change in prevention intensity, and PS
indicates prevention strategy.

(a) Single city with constant strategy (b) Single city with adaptive strategy (c) Multiple cities with constant strate-
gies

(d) Multiple cities with mixed constant
and adaptive strategies

Figure 2: Infectious disease model with constant or adaptive prevention strategies. In the single-city model, the initial condition of
the city is IC = (200000, 0.5%), as shown in (a), (b). In the multi-city model, the initial conditions of the three cities A, B and C
are all IC = (200000, 0.5%), while the initial condition of the external environment is IC = (100000, 0.01%). Notations r and p
represent the constant prevention intensity and the constant proportion of population mobility, respectively. For adaptive strategies,
r0 indicates the initial prevention intensity, while rL and rH indicate the lower limit and upper limit of the prevention intensity,
respectively; p0 indicates the initial proportion of population mobility, while pL and pH represent the lower and upper limits of the
proportion of population mobility, respectively; θ represents the prevention threshold, and k represents the speed of the change in
prevention intensity.

In general, prevention strategies can be summarized like in Table 1. PS1 is the case that the prevention intensity remains
unchanged: the parameters of prevention intensity r and the proportion of floating population p are fixed values, and
there is no prevention threshold and reaction speed. This corresponds to the classical infectious disease model, and
we refer to it as a model with a constant prevention strategy. PS2 corresponds to the adaptive changes in prevention
intensity that we commonly see during the COVID-19 pandemic: the full strategy is characterized by the prevention
threshold θ, the r-range [rL, rH ], the p-range [pL, pH ], and the change speed k, and we refer to such ones as models
with an adaptive prevention strategy.

In the next section, we will empirically evaluate our models to discover the key phenomenon of epidemic plateau, and
validate it against the real-world COVID-19 data. We will then provide theoretical analysis on the plateau phenomenon
in Section 5.

4 Empirical Observations — the Plateau Phenomenon

Based on the above epidemic model with prevention strategy, we take the COVID-19 as an example to simulate the
epidemic development in a single city and in multiple cities. We will use one day as the time unit for the model given in
the previous section.

4.1 Experiment Setup

We base the choice of our parameters on the research that have been made on the COVID-19.

4.1.1 Infection rate and recovery rate

The first parameters are the infection rate and the recovery rate of COVID-19. A person stays infected by COVID-19
for 8.4 days on average [2]. The recovery rate is thus defined as γ = 1/8.4 = 0.12. For the infection rate of COVID-19,
we use the most common indicator in the epidemic research, the reproduction number to calculate.
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The reproduction number can be divided into basic reproduction number and effective reproduction number. The basic
reproduction number represents the average number of people infected in a group of all susceptible people before an
infected person recovers, expressed as R0. The estimation of the basic reproduction number is generally chosen in
the early stage of the outbreak, as the proportion of susceptible people in the population is close to 1. The effective
reproduction number is different from the basic reproduction number, and it represents the average number of people
infected at time t with a certain proportion of the susceptible population before an infected person recovers, expressed
as Rt. The effective reproductive number Rt will change over time, because the proportion of susceptible people will
change with the development of the epidemic. When the effective reproduction number Rt < 1, it indicates that the
epidemic is receding and will die out soon. The time from infection to the recovery from the infection is an infection
cycle, which is 1

γ days. Before recovering, the infected person will come into contact with r individuals every day.
Among these people, only susceptible people will be infected, and the probability of each susceptible individual getting
infected is β. Therefore, the basic reproductive number R0 and the effective reproductive number Rt have the following
relationship with infection rate β and recovery rate γ:

R0 =
rβ

γ
, (7)

Rt =
rβ

γ
· S
N
. (8)

We can get the infection rate β of COVID-19 through the basic reproduction number R0 of SARS-CoV-2 and the
number of human contact r as in Eq. (7).

Before calculating the infection rate β, it is necessary to know the prevention parameter r, or the number of human
contacts per day. As discussed before r will change according to the prevention measures. The basic reproduction
number R0 should corresponds to the situation of the early stage of the outbreak before prevention. At this time, the
proportion of susceptible people is close to 1, and the number of contacts with the population is at the normal level. In
order to better estimate the number of human contacts, we used the epidemic data provided by the Information Center
of Shenzhen Public Security Bureau. In Shenzhen, for people infected with COVID-19, the Public Security Bureau will
track down the people who have been in contact with him during the incubation period and conduct medical observation
to avoid further spreading. The Public Security Bureau records the number of contacts tracked every day and refers to
the number of people obtained as the number of medical observers. Based on the number of daily medical observations,
divided by the product of the number of new diagnoses per day and the incubation period (3.0 days), we estimate the
normal number of contacts among people r = 24. In order to make the results closer to the normal number of human
contact, the data from the early stage of the epidemic (the first 5 days of the outbreak in Shenzhen) were selected in the
experiment.

There are some estimates of the basic reproduction number R0 in the articles about COVID-19, and the results are all
around 3 [2, 3, 4, 5, 14]. Assuming that the basic reproduction number of SARS-CoV-2 R0 = 3, combined with the
recovery rate γ = 0.12 and the contact times of the population r = 24, the infection rate of COVID-19 can be obtained
as β = 0.015 from Eq. (7).

4.1.2 The number of population contacts and the proportion of population mobility

As derived above, r = 24 is the number of contacts without prevention. The prevention strategies would reduce r. Only
when the effective reproduction number Rt < 1, the epidemic begins to subside, and the number of infections declines.
We call the number r that corresponds to Rt = 1 as r̃t, the effective prevention intensity, which corresponds to the
effective reproduction number Rt according to Eq. (8). Based on Eq. (8) and the calculated infection rate and recovery
rate from above, we can obtain that the number of infections will decrease immediately when the prevention intensity
r < 8.

With the assistance of the Information Center of Shenzhen Public Security Bureau, the population mobility ratio p is
estimated according to the population mobility data of Shenzhen in 2019 and 2020. During the outbreak of COVID-19
in 2020, Shenzhen implemented strict restrictions on population mobility, and the proportion of population mobility
was around 5%. In the same period in 2019, the proportion of people moving fluctuated between 10% and 20%. In this
paper, it is assumed that the proportion of population mobility under normal conditions is p = 20%.

4.1.3 Initial condition.

In the simulation experiment, the total population and the proportion of initial infected people in the city are called
initial conditions. Different initial conditions will appear in the single-city model and the multi-city model. An initial
condition can be expressed as IC = (N, I0N ).

7
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(a) Prevention threshold (b) The range of changing prevention intensity (c) The speed of the change in prevention intensity

Figure 3: The influence of various indicators on the plateau. In the single-city model, the initial condition of the city is
IC = (200000, 0.5%). (a) Prevention threshold θ is the indicator for comparison, other indicators r0 = 6, rL = 6, rH = 10, k = 5.
(b) The range of changing prevention intensity [rL, rH ] is the indicator for comparison, other indicators θ = 40, k = 5. (c) The
speed of the change in prevention intensity k is the indicator for comparison, other indicators θ = 40, r0 = 6, rL = 6, rH = 10.

4.2 Simulation Results

Figure 2 shows the development of the epidemic in single city and multiple cities with constant or adaptive prevention
strategies. The y-axis is the value of I for a particular day, which is the number of current existing infected individuals
that can still transmit the disease (note that it is not the number of newly infected cases in that day). As a convention,
for a constant prevention strategy that does not change r, e.g. r is always 6, we denote it as r = 6 in the figure legend;
for an adaptive prevention strategy, if we initially set a prevention strategy to be at a certain level e.g. 6, and then it will
change in the range [rL, rH ] when the newly infected case per day drops below the threshold, we denote it as r0 = 6
and rL, rH to the appropriate values in the legend. The fraction of floating parameter p and the corresponding p0 and
pL, pH are treated in the same manner.

The results from Figure 2 are as follows.

• Figure 2(a): In the single-city model with a constant prevention strategy, the change curve of the number of
existing infections is smooth. The number of infections either continues to decline (r ≤ 8), or rises first and
then falls (r > 8).

• Figure 2(b): In the single-city model with an adaptive prevention strategy, the change curve of the number
of existing infections is no longer smooth. Comparing to the single-city model with a constant prevention
strategy (Figure 2(a)), it has a distinctive feature — a long period in which the number of existing infected
people remains more or less the same, with small fluctuations. We refer to such a flat period a plateau, and it is
the main phenomenon we are going to study in this paper.

• Figure 2(c): This is the three city case and all cities have constant prevention strategies. In the multi-city
model, it can be found that the urban epidemic situation affects each other under the influence of population
mobility. The number of infections in city C should have risen to a higher level (I > 5000), but instead it
begins to decline earlier under the influence of other cities. On the contrary, there has been an increase in the
number of infections in the external environment EE which should have been declining (r = 6). There is no
plateau phenomenon in this case.

• Figure 2(d): In this case, two of the cities (B and C) adopt adaptive prevention strategies, and one city (A) as
well as the external environment use a constant prevention strategy. The phenomenon of horizontal fluctuation
in the number of existing infections, i.e. the plateau, appears again. More interestingly, the plateau appears
in every city, has occurred in every city and the environment, even if some city and the environment adopt a
constant prevention strategy.

4.2.1 Plateau

As shown in Figure 2, in some cases we see that the phenomenon of plateau may occur, that is, there is a prolonged
period in which the number of existing infections maintains at the same level with small fluctuations. The plateau means
that there will be a prolonged period in which the infection within the population will be maintained at the steady level.
We will see in the next subsection that indeed we could observe such plateau phenomenon in the real-world COVID-19
epidemic. The emergence and the properties of such plateaus are certainly important for the public health authorities to
devise appropriate policies to battle against the COVID-19 pandemic. In this section, we will use empirical observations
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to extract the possible conditions for the emergence of the plateau and its properties, and in Section 5, we will provide
theoretical analysis to validate these observations.

First, from Figure 2, we can see that the adoption of adaptive prevention strategies is strongly correlated to the emergence
of the plateau. When there is no adaptive prevention strategies deployed, we do not see the plateau phenomenon.
However, the adoption of adaptive strategies itself is not sufficient to guarantee the appearance of the plateau, which
can be seen in the blue curve in Figure 2(b). Moreover, in the multi-city situation, even if some city does not adopt an
adaptive prevention strategy, it still exhibits a plateau (city A in Figure 2(d)), seemingly under the influence from other
cities with adaptive prevention strategies. Thus, the actual condition of the emergence of plateau needs to be further
analyzed.

Second, the height of the plateau is different with different adaptive prevention strategies. In the next test, we will try
different prevention strategies parameters to empirically verify the factors that affect the height of the plateau.

4.2.2 The effect of prevention strategies

From Figure 2, we can see that the adaptive prevention strategies affect the appearance of the plateau. Now we also
try different prevention parameters to see their effect on the plateau, especially on the height of the plateau. We use
single-city model for this test to make the effect of prevention strategies more direct. As stated in Section 3.3, in the
single-city model, an adaptive prevention strategy consists of parameters of prevention threshold θ, range of prevention
intensity [rL, rH ] and the speed of change k in the number of days to switch the prevention intensity. We now analyze
the effect of each of these parameters.

Prevention threshold θ. As shown in Figure 3a, when there is a plateau in the development of the epidemic, it can be
found that the prevention threshold θ is positively correlated with the height of the plateau. The greater the prevention
threshold, the higher the plateau. A closer look at their relationship, one may even see a close to linear relationship
between the prevention threshold and the height of the plateau. We will validate this relationship in the theoretical
analysis section. In addition, the higher the plateau, the greater the daily fluctuation of the number of existing infections,
but in general it still remains at a certain level.

The range of changing prevention intensity [rL, rH ]. As shown in Figure 3b, when there is a plateau in the
development of the epidemic, different [rL, rH ] will not change the height of the plateau. However, [rL, rH ] will
determine whether the plateau occurs. When both rL and rH are small, the plateau does not occur, and the number of
existing infections continues is declining (see the red line). When both rL and rH are large, the number of existing
infections will rise at first and then decrease, but there will still be a plateau in the end (see the yellow line). The size of
the changing range does not affect the height of the plateau, but it is related to the amplitude. The greater the range of
change, the greater the amplitude (compare the blue line with the purple line).

The speed of the change in prevention intensity k. Figure 3c shows that k does not affect the height of the plateau,
but it does affect the fluctuation amplitude of the plateau. The smaller the k, the greater the fluctuation of the number of
existing infections during the plateau (compare the blue line with the purple line).

Through our simulations, we can see that the emergence of plateau is related to the range of changing prevention
intensity [rL, rH ], and the height of plateau is positively correlated with prevention threshold θ. It shows that the
integration of prevention strategies, especially the adaptive ones, would change the dynamics of the epidemic that is not
covered by the traditional epidemic models. The plateau and its related phenomenon is actually more consistent with
what happens in the real world for the COVID-19 pandemic, as we illustrate in Section 4.3.

4.2.3 Results and Discussion on the Multi-city Model

As shown in Figure 2d, it is found that the platform period also exists in the multi-city model. Through simulation and
empirical observation, we found the following phenomena.

• The height of plateaus change from the single-city model: In the multi-city model, if all cities have the same
IC and adopt adaptive prevention strategies, they all have a plateau, but the height of the plateau is different
from that of the single-city model. Comparing Figure 4(a) with Figure 3a, the height of the plateau of city A
decreased, while that of city C increased. The reason is due to the population mobility in the multi-city model.
As the proportion of infected people in city A is the highest, the outflow of infected people is larger than the
inflow, and the number of infected people in city A will decrease, i.e. the height of the plateau of city A will
decrease. City C is the opposite.

• Cities that would not have a plateau by itself could have a plateau in the multi-city model: Cities with constant
prevention strategies could also enter a plateau period in the multi-city model. In Figure 4(b), both city A and
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(a) The height of plateau changes in multiple
cities

(b) City B leads other cities to a platform (c) No plateau in any cities

Figure 4: The phenomena of the plateau in multi-city model. Initial conditions of city A, city B and city C are all IC =
(200000, 0.5%), while the initial condition of the external environment EE is IC = (100000, 0.01%).

city C adopt constant prevention strategy, in which the number of infections in city A should rise at first and
then decline, and the number of infections in city C should be declining all the time, as shown in Figure 2a.
However, under the influence of population mobility and city B, every city has entered a plateau. We infer that
in the multi-city model, one city have plateau, then it is possible to lead other cities to enter the plateau period.

• Either all cities are in the plateau or none of them is in the plateau: In the multi-city model, Comparing
Figure 4(c) with Figure 4a & 4b, we find that the epidemic development in cities is not independent. Either
every city has entered a plateau(See Figure 4a & 4b), or every city keeps receding without a plateau after their
initial peaks.

The above observations show that quite interesting plateau phenomenon emerges even in the multi-city model with
complex epidemic dynamics within cities and population mobility dynamics cross cities. In particular, the results
strongly indicate that all cities are interdependent in terms of the epidemic development — their plateau phenomenon
co-occur, and even a city that would not have a plateau by itself would enter a plateau under the influence from the
adaptive strategies of other cities. This suggests that in battling the COVID-19 pandemic, one should not look only at
the local prevention strategies, but also need to take into account other regions’s strategies and population mobility, and
perhaps some global coordination would be more effective.

4.3 Real World Data Verification

The pateau phenomenon also appears in the real world epidemic, in particular in the current COVID-19 pandemic. We
collect the epidemic data from the total of 189 countries from data source DXY1, which collects data from sources
including the World Health Organization (WHO), with data up to the date of October 11, 2020. We visually investigated
the data and found that there are 35 countries that have demonstrated clear plateau phenomenon for more than one
month. Among other countries, 129 of them are still suffering worsening situations or are facing a new rising of the
epidemics, and 10 countries have receding epidemic. The basic statistics are summarized in the following table.

Table 2: Epidemic situation in various countries.

plateau worsening receding

countries 35 129 10

Figure 5 shows a few examples of countries that have a clear plateau phenomenon, including Thailan, South Korea,
Tajikstan and Qatar. These data clearly support the existence of the plateau phenomenon in practice, which means it is
important for us to study in more details on the plateau phenomemon. Although it may be difficult to pin point the
exact reasons that cause the plateau phenomenon for each country, from our simulation result observations, we believe
that the plateau phenomenon in these countries is likely related to the adaptive prevention strategies adopted by the
countries.

For the majority of countries that are still experiencing worsening COVID-19 epidemic, if proper adaptive prevention
strategies are enforced, we could expect that they will also enter the plateau period in the future. Thus, understanding

1https://github.com/BlankerL/DXY-COVID-19-Data
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(a) Thailand (b) South Korea (c) Tajikstan (d) Qatar

Figure 5: Examples of countries that have a clear plateau phenomenon. The number of existing infections is calculated by the
confirmed cases, minus the sum of recovery cases and death cases.

the plateau phenomenon would be useful for most countries that are suffering the COVID-19 epidemic. In the next
section, we will provide theoretical analysis on the plateau phenomenon.

5 Theoretical Analysis

In the simulation study, we found that epidemic development might enter a plateau period after SIR model is integrated
with an adaptive prevention strategy. The simulation study suggests some simple relationships such as the emergence of
plateau is related to the changing range of prevention intensity [rL, rH ], and the height of plateau is positively correlated
with the prevention threshold θ. In this section, we will analyze theoretically the conditions of the emergence and
ending of the plateau as well as the properties of the plateau. Our analysis focus on the single-city model. The multi-city
model involves much more complicated dynamics due to the mobile populations between the cities and we will leave
its theoretical analysis as a future work item.

5.1 Effective Prevention Strategy and the Ideal Model

As suggested from the simulation study, the plateau is related to the adaptive prevention strategy, but it is also the case
that not every prevention strategy would generate a plateau (See Figure 3b). A closer investigation shows that this is
related to the effective prevention intensity r̃t, as defined in Section 4.1.2. Recall that the effective prevention intensity
r̃t is the value of prevention intensity r when the effective reproduction number Rt takes the value of 1. Intuitively,
when Rt = 1, the number of infections an infected individual makes before he/she is recovered is exactly 1, meaning
that the number of existing infected cases would remain the same. Thus, r̃t is the corresponding prevention intensity
level that would maintain the infection cases the same. Note that in general the effective prevention intensity r̃t is
different from the actual value of the prevention intensity r used: the former is the would-be value to keep the infection
cases the same while the latter is the actual value of the prevention strategy used at each day, and this is also the reason
we use different notations to distinguish the two. The effective prevention intensity r̃t has the following simple but
important property:

Lemma 1 The effective prevention intensity r̃t is monotonically increasing with time t.

Proof 1 By Eq. (8), and the fact r̃t is defined as the value of r when Rt = 1, we have

r̃t =
N · γ
S · β

. (9)

Since the number of susceptible people S is monotonically decreasing with time t while other parameters N, β, γ stay
constant, we have that r̃t is monotonically increasing.

In the single-city model summarized in Section 3, we have several aspects that try to reflect the real-world scenario,
such as the 14 day grace period before relaxing the prevention intensity, and the changing of the strategies taking some
time governed by parameter k. To emphasize the essence of the model, for the theoretical analysis, we consider the
following simplified ideal single-city model, which is consistent with the principle of full model . In the ideal model,
once the daily new cases drop to the prevention threshold θ, we immediately adjust the prevention strategy r such that
we keep the daily new cases to be exactly θ, as long as we have r ≤ rH . Moreover, we assume that the city starts
with a significant number of infected cases and under intense prevention control, and thus the prevention strategy is
relaxed when the infection cases drop below the prevention threshold. Technically we require that the initial infection
number I0 satisfies I0 · γ > θ, that is, the number of daily infected people initially is I0 · γ and it is more than θ. This
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corresponds to the real-world scenario where the prevention strategies are only employed after the epidemic outbreak
already begins, and the adaptive strategies are designed to maintain the infection cases at a low level after the initial
infection peak already occurs. Note that the above description on the ideal model only applies to the adaptive prevention
strategy. The constant prevention strategy remains the same in the ideal model. We will also use the simulation results
from the full model to validate the accuracy of the prediction from the ideal model.

5.2 The Emergence and Ending of Plateau

We first investigate the conditions for the presence or the absence of the plateau, in the single-city model. Let tθ be
the time when the number of daily recovered people drops to θ, i.e. Iγ = θ. Recall that we assume that initially
I0γ > θ, and thus I will eventually drop to θ. With Lemma 1, we can derive the following result connecting the
effective prevention intensity with the plateau phenomenon.

Theorem 1 In the ideal single-city model with an adaptive prevention strategy, at any time t, if the effective prevention
intensity at this time r̃t ≥ rH , then there will be no plateau after time t. On the other hand, if r̃tθ < rH , then there will
be a plateau starting at tθ.

Proof 2 (Proof (Sketch)) When r̃t ≥ rH , we know that for any time t′ > t, r̃t′ > r̃t according to Lemma 1. This
means that for all time t′ > t, the actual prevention intensity r as the property that r ≤ rH < r̃t′ . Since r̃t′ corresponds
to the effective reproduction number Rt′ = 1, this implies that Rt′ < 1 by Eq. (8), which in turn implies that for all
time t′ > t, the number of new infections any infected people would generate is less than 1, and the epidemic will keep
receding.

Now suppose that r̃tθ < rH . According to the definition of r̃tθ , at time tθ Iγ = θ. Let t0 be the time when the daily
infected people first hits θ. By our assumption, at time t0 the infected people I is dropping from I0 with I0γ > θ. Thus
at time t0 Iγ > θ since in the days before θ, the daily infected people must be greater than θ. This means t0 < tθ.
This implies that before time tθ the ideal model would already adjust r to keep the daily infection number as θ. The
condition r̃tθ < rH guarantees that it can keep the daily infection number as θ to time tθ, at which the daily infection
number balances with the daily recovery number Iγ. From time tθ on, we can always keep the prevention intensity r as
r̃t until it increases to rH . During this period, the daily infection and daily recover balance each other, and we have the
plateau.

The above theorem shows that the relationship of the effective prevention intensity r̃t and the upper bound of the
prevention intensity range rH directly determine the presence of the plateau. Note that for a constant prevention strategy
with a fixed value r, it is clear that it has no plateau because it is essentially the same as the standard SIR model.
Therefore, we can obtain the following conclusion on the emergence and the ending of the plateau.

Corollary 1 (Condition for the emergence of the plateau) In the ideal single-city model, the condition that the
plateau will emerge is that we use an adaptive prevention strategy and r̃tθ < rH .

Corollary 2 (Condition for the ending of the plateau) In the ideal single-city model, given that there is a plateau at
time t, the plateau period will end at time t′ > t when r̃t′ ≥ rH .

Corollary 1 states that we will have a plateau when the effective prevention intensity is still less than rH when the daily
recovery number hit the prevention threshold, while Corollary 2 states that when it happens, the plateau will end once
the effective prevent intensity reaches rH . We defer the discussion on the actual calculation of the condition r̃tθ < rH
to Section 5.4 when we study the length of the plateau.

We use simulation results shown in Figure 6 to validate these conditions in our actual model. Figure 6a shows the
epidemic development under two adaptive prevention strategies. The first strategy, shown in the blue curve, has a clear
plateau period. In Figure 6b, we show the corresponding changes of the effective prevention intensity and the actual
prevention intensity. For the blue curve in Figure 6a, the blue curve in Figure 6b shows the corresponding changes in the
actual prevention intensity r, which fluctuates between rL = 6 and rH = 10 for a period of time. During this period,
the yellow curve, corresponding to the effective prevention intensity r̃t,1 of the first strategy increases gradually from 8
to 10. Since θ = 40 and γ = 0.12, when y-axis I is about 40/0.12 ≈ 333, the corresponding the effective prevention
intensity is around 8, which is less than rH = 10, which is consistent with Corollary 1 that the plateau would appear.
When r̃t,1 increases to 10 = rH , we can see that the plateau ends in the corresponding blue curve on the left. Now, for
the second strategy, the red curve in Figure 6a, we see that there is no plateau. The actual prevention intensity r keeps at
the level rH = 8 in this case (the red curve in Figure 6b), while the effective prevention intensity r̃t,2 starts at 8 and
increases slowly above 8 (the purple curve in Figure 6b). This is also consistent with Corollary 1, meaning that when
r̃tθ ≥ rH = 8, there will be no plateau in this case.
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(a) The change curve of I (b) The change curve of r

Figure 6: The relationship between the emergence and ending of the plateau and the change of prevention intensity. In the single-city
model IC = (200000, 0.5%), the experimental results of different range of changing prevention intensity [rL, rH ] show that one
has a plateau and the other does not.r̃t,1 expressed the changes in the effective prevention intensity of the first prevention strategy
during the development of the epidemic.r̃t,2 stands for the second prevention strategy.

5.3 The Height of the Plateau

Although the number of infected people in the plateau period has small fluctuations, it is basically maintained at a same
value. We call the value around which the number of existing infections fluctuates is the height of the plateau, and
denote it as IP . In the ideal model, the height of the plateau IP is when the number of existing infected people does not
change, that is, when the effective reproduction number Rt = 1. Using the relations we derived before, we can obtain
the following result on IP .

Theorem 2 In the ideal single-city model, the height of the plateau is given as follows:

IP =
θ

γ
, (10)

where θ is the prevention threshold and γ is the recovery rate.

Proof 3 In the ideal model, in the plateau we have Rt = 1, and the daily newly infected people is exactly equal to the
prevention threshold θ. According to the SIR model the daily newly infected people is rβIS

N (excluding the number of
recovered people), and thus in the plateau period,

θ =
rβIPS

N
. (11)

From Eq. (8), and setting Rt = 1, we know that rβSN = γ. Plugging it into Eq.(11), we have IP = θ/γ.

Theorem 2 directly shows that the height of the plateau has positive linear relationship with the prevention threshold θ,
and it is not related to the other parameters such as the range of prevention strategy [rL, rH ] or the speed of prevention
k. This result is consistent with our simulation study findings (see Figure 3). In particular, comparing with Figure 3a,
when we plug in θ = 10, 20, 40, 80 with γ = 0.12, we obtain the theoretical heights as IP = 83, 167, 333, 667, while
the empirical averages we obtain the simulation results are 77, 154, 308, 622 respectively, indicating that the theoretical
results match with the simulation results reasonably well. The reason that the empirical results are consistently lower
than the theoretical predictions is because in our actual model, we have an asymmetric strategy adjustment: we need
14 consecutive days of new cases dropping below θ to relax the prevention, while we only need one day of new cases
rising above θ to strengthen the prevention. This asymmetric control push the actual height lower than our theoretical
prediction from the ideal model.

5.4 The Length of the Plateau

After obtaining the height of the plateau IP , we can further calculate the length of the plateau by the Area Method. We
denote the length of the plateau, i.e. the time period from when the plateau begins to the plateau ends, as T . It is clear
that T · IP is the area covered under the plateau period. So, we just need to calculate the area underlying the plateau to
get T . The result is given in the following theorem.
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Table 3: The empirical and theoretical lengths of the plateau for settings in Figure 3a.

θ 10 20 40 80

days (empirical) 3,929 1,975 1,002 514

days (theoretical) 3,637 1,830 927 475

Theorem 3 In the ideal single-city model, assuming that the number of new infections falls to θ is the beginning of the
plateau period, the length of the plateau is given as follows:

T =
SB − SE

θ
, (12)

where SE is the number of susceptible people when the plateau ends, and SE = γN
βrH

, and SB is the number of
susceptible people when the plateau begins, and it is the solution of the following equality

S = (S0 + I0)− IP +
Nγ

r0β
ln

S

S0
, (13)

where S0, I0 are the number of susceptible and infected people when the time starts, and r0 is the initial prevention
intensity used before the prevention intensity is adjusted in the range [rL, rH ].

Proof 4 (Proof (Sketch)) In the curve with I as y-axis and time as x-axis, the area under curve (AUC) by time t is
the cumulative existing infected people by time t. On average, each infected individual takes 1/γ time to recover, so
each infected individual is counted 1/γ times. Therefore, the AUC by time t is the total number of once infected people
multiplied by 1/γ, which is (I +R)/γ. Since S + I +R = N , so we have the AUC by time t is (N − S)/γ. Let tB , tE
be the time when the plateau begins and ends, and correspondingly SB and SE are the numbers of susceptible people at
time tB and tE respectively. Then we have the AUC between tB and tE is (N−SE)/γ− (N−SB)/γ = (SB−SE)/γ.
Since the height of the plateau is θ/γ by Theorem 2, we know the length of the plateau T = (SB−SE)/γ

θ/γ = SB−SE
θ .

Thus Eq.(12) holds.

We now show how to derive SB and SE . First, for SE , we know from Corollary 2 that when the plateau ends, r̃tE = rH ,
and by the definition of r̃tE , we know RtE = 1. Plugging these values into Eq. (8), we obtain that SE = γN

βrH
.

To derive the result for SB , we rely on the equation below connecting I and S in the SIR model [28]:

I = (S0 + I0)− S +
Nγ

rβ
ln

S

S0
,

where S0, I0 are the numbers of susceptible and infected people when the time starts. Before entering the plateau
period, the prevention intensity r is fixed to a value r0. When it first hits the pateau period, I is equal to IP . Thus, when
plugging I = IP and r = r0 into the above equation, we obtain Eq.(13), and SB is the solution of this equation.

Note that SB derived from Eq. (13) can be used to test condition r̃tθ < rH in Corollary 1: r̃tθ = N ·γ
SB ·β according to

Eq.(9).

We now validate Theorem 3 with the empirical results. We compare our theoretical prediction on the plateau length
with the empirical results from Figure 3a, with the initial condition IC = (200000, 0.5%) and parameters r0 = 6, rL =
6, rH = 10, k = 5 and θ from 10 to 80. Table 3 summarizes the comparison result. We can see that the theoretical
and empirical results match reasonably well. Moreover, the estimation error is mainly from the error in the estimation
of the height — if we replace the theoretical heights with the empirical heights, we get much closer estimates of
3920, 1984, 1002, 509 respectively, which means our theoretical AUC prediction is quite accurate.

6 Conclusion and Future Work

In this paper we study a phenomenon of epidemic development: COVID-19 plateau. This phenomenon is formed under
the change of prevention intensity of adaptive prevention strategies. In the traditional infectious disease model, it is
difficult to find the existence of the plateau. We investigate empirically from both simulations and real-world data
and on the plateau phenomenon, in both single-city models and multi-city models, and further provide theoretical
analysis in the single-city model and obtain an number of results on the emergence and the characteristics of the plateau
phenomenon. Our results also suggest that all regions are interconnected and local prevention strategies would have
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effects to other regions as well. Understanding the plateau phenomenon would be useful for most countries that are
suffering the COVID-19 epidemic.

There could be some future work along this direction. On the empirical side, one could investigate in more detail the
real-world plateau phenomenon and their correlations with specific prevention strategies used. On the theoretical side,
the multi-city model is much more challenging due to the complicated population mobility dynamics, and it would
be very important and beneficial to obtain some insightful results in the multi-city model. We hope that our findings
could help the understanding of the COVID-19 pandemic (and other epidemics as well) in connection with different
prevention strategies, and assist policy makers in predicting the effect of their prevention strategies.
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